In this paper, we investigate the unsteady motion of an incompressible viscous fluid filling a half-space bounded by an infinite horizontal plate. The modified Navier-Stokes equation with fractional time derivative is employed. The linear slip condition is applied on the bounding plate. The solution of the problem is obtained analytically using Laplace transform. The closed form solution of the problem is obtained by inverting the solution in the Laplace domain into the physical domain. It's observed that the parameter of fractional time derivative has a considerable contribution to the flow fluid.
Introduction
Fractional calculus is a mathematical concept of differentiation and integration to arbitrary (non integer) order. Some studies of fractional calculus started during the first half of 19th century [1, 2] . Many scientists mentioned the concept of derivatives of arbitrary order but without specifying applications, e.g. Euler [3] , Lagrange [4] and Fourier [5] . For along time, fractional calculus has been regarded as a pure mathematics without real applications, but in recent decades, the study of problems involving fractional derivative has attracted the attention of researchers to take it into consideration because of its wide area of applications especially in the areas of physics and engineering [6] . It has been used in various fields such as viscoelasticity, diffusion problems, control relaxation processes and viscous fluid flow [7, 8] .
The fractional differential equations have been used to describe many important phenomena in electromagnetics, acoustics, visco-elasticity, electrochemistry and material science [9] [10] [11] . However, obtaining the analytical and approximate solutions of nonlinear fractional ordinary and partial differential equations are very difficult. Therefore, several methods have been developed to approximate linear and nonlinear fractional differential equations arising in science and engineering sciences. These methods are the Adomain decomposition method (ADM) [12, 13] , variational iteration method [14, 15] , homotopy perturbation method [16, 17] , homotopy analysis method [18, 19] , optimal homotopy asymptotic method [20, 21] , differential transform method [22, 23] , and Hamiltonian and He's energy balance approach [24, 25] . Recently, many researchers have studied and discussed Navier-Stokes equations with fractional derivative. Kumar et al [26] introduced an analytical approximate technique, based on coupling of the Adomian decomposition method and Laplace transform method, to solve the problem of unsteady flow of a viscous fluid in a tube using fractional derivative. Moreover, Kumar [27, 28] used different methods to study the solutions of linear and nonlinear fractional differential equation combined with Laplace transform. In recent Papers, Odibat and Momani [29] , El-shaded and Salem [30] obtained exact solutions for the time fractional Navier-Stokes equations by using Laplace, Fourier sine and finite Hankel transforms. This model is generalized by replacing the first time derivative by a fractional derivative of order α, 0 < α 1. Debnath and Bhatta [31] solved some linear non-homogeneous fractional partial differential equations in fluid mechanics by joining Laplace and Fourier transform with Mittag-Leffler function. In this work, we investigate the unsteady motion of a viscous fluid filling a half space using the time fractional Navier-Stokes equations. The Laplace transform method is utilized and the time fractional derivative, in the Caputo sense is assumed. A linear slip condition is applied on the bounding plate. The inversion of the transform is performed analytically using contour integration together with the complex integral formula. Definition 1. The Laplace transform of the Caputo fractional derivative is defined as [8] 
Formulation of the problem Here we consider the half-space problem of an incompressible viscous fluid flow bounded by an infinite horizontal plate. It is assumed that the fluid motion is generated by the movement of the bounding plate in the x-direction with a time dependent velocity U 0 F (t), where U 0 is constant with the dimensions of velocity. Thus, the velocity of the fluid flow can take the form
where y-axis is taken perpendicular to the plate directed into the fluid. It is assumed that there is no pressure gradient, so that
The following equation of continuity is satisfied identically.
The modified Navier-Stokes equation with fractional time derivative in the Caputo sense, in the absence of body forces, has the following form [32, 33] .
where ρ is the density µ denotes the dynamic viscosity. The stress tensor is defined as:
The following slip boundary condition is imposed on the bounding plate [32, 33] 
where, I is the unit Dyadic, − → i is the unit vector along x-direction and n is the normal unit vector pointing towards the fluid. Moreover, β is the slip parameter which varies from zero to infinity [32, 33] .
The other required condition is the regularity condition at infinity.
Solution of the problem
In view of (1) and (2), the equation of motion (4) reduces to
where, ν = µ ρ is the kinematic viscosity. We now introduce the Laplace transform defined by
Taking Laplace transform of both sides of equation (7) with the initial condition u(y, 0) = 0, we get
The general solution of (9) is found to be
where = s α ν . The slip condition (6) applied on the plate reduces to
in view of (5) and (8), the boundary condition (11) takes the form
Since, the solution (10) must be bounded as y → ∞, then we take A = 0 thus
Satisfying the boundary condition (12), we determine the value of the constant B that can be substituted into (13) to give
where γ = β µ .
Inversion of Laplace transform
In this section, we invert the obtained result (14) from the Laplace domain to the physical domain analytically, using the complex integral formula and the contour integration [34] Taking the inverse Laplace transform of (14), we get
The convolution theorem is applied to equation (15), to give
Now, our aim is to get the function Ψ(y, s) defined by
In order to obtain the inverse Laplace transform of Eq. (17), we will use the complex inversion formula of the Laplace transform [34] , namely
where c is a real number greater than all real parts of the singularities of Ψ(y, s). From (17) , it can be noticed that there exist a branch point and a simple pole at s = 0. In order to get the inverse Laplace transform, of Ψ(y, s) we integrate Ψ(y, s) along the modified Bromwich contour Γ shown in figure 1 . Γ consists of a circular arc DEF of radius ε, and two large circular arcs BC and GA, of radius R, in addition to two connecting lines CD and FG plus a vertical line AB. As ε → 0 and R → ∞, the integral along AB tends to the integral in the inversion formula (18) . Inside Γ the function Ψ(y, s) has only one simple pole at s = 0 which lies outside the modefied contour Γ. From the above discussion, we deduce that
and
On the line CD, we have to evaluate Ψ(y, s), such that s = re πi , ds = e πi dr thus we get
where
On the line FG, we have s = re −πi , ds = e −πi dr, then
(29) Now Ψ(y, s) will be evaluated along the circular arc DEF where s = εe iθ and ds = εie iθ dθ.
Substitute Eqs. (20), (23), (29) and (31) into (19), we obtain
Therefore,
Substitute (33) into (16), we get the velocity as
Numerical results and discussions In this section, we present the obtained results graphically for the following three cases.
Case 1: Flow due to sudden motion of the plate. In this case, we assume that the plate is set in motion with a constant velocity. Namely U 0 H(t) , where H(t) is the Heaviside unit step function, defined by
otherwise . Figure 2 shows the distribution of the velocity against y for different values of the slip parameter at fixed values of α = 0.9 and t = 0.1. It is observed that, the velocity decreases with the increase of the distance y, while it increases with the increase of the slip parameter γ. Figure 3 shows the behavior of the velocity with respect to the distance y for various values of the parameter α, at fixed values of t = 0.1 and as γ → ∞. It can be noticed that the velocity decreases with the increase of α.
Case 2: Flow due to oscillatory motion of the plate. In this case, the plate is assumed to oscillate with a velocity U 0 sin(wt), where w is the angular frequency of the oscillation. Three figures are represented in this case. Figure 4 shows the distribution of the velocity against y for different values of the slip parameter γ at fixed values of α = 0.9 and t = 0.1. We can deduce from the graph that, the velocity decreases with the increase of y until it vanishes. But, it increases with the increase of the slip parameter γ. Case 3: Flow due to the damping oscillation. In this case, the plate is assumed to move with a velocity U 0 sin(wt)e −wt . In the figures 6 and 7, we study the variation of the velocity for different values of the physical parameters. The effects of these parameters on the velocity are similar to the earlier ones. 
Conclusion
This paper discusses the effects of the slip and fractional derivatives parameters on the flow field of an incompressible viscous fluid bounded by an infinite horizontal plate. It can be concluded that the slip parameter contributes effectively on the velocity. The increase in this parameter increases the values of the velocity, and the case of no-slip can be deduced as a special case when the slip coefficient approaches the infinity. Also, it is observed that the fractional derivative coefficient, 0 < α 1, affects on the flow fluid considerably. The increase of α results in a decrease in the velocity values and the classical case, no fractional derivative, can be deduced when α = 1. It can be concluded that the fractional derivative is meaningful for the values of α which are close to 1. 
